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Abstract
In this paper we consider the simplest functional Schroedinger equa-
tion of a quantum field theory (in particular QCD) and study its solutions.
We observe that the solutions to this equation must possess a number of
properties. Its Taylor coefficients are multivalued functions with rational
and logarithmic branchings and essential singularities of exponential type.
These singularities occur along a locus defined by polynomial equations.
The conditions we find define a class of functions that generalizes to mul-
tiple dimensions meromorphic functions with finite Nevanlinna type. We
note that in perturbation theory these functions have local asymptotics
that is given by multidimensional confluent hypergeometric functions in
the sense of Gelfand-Kapranov-Zelevinsky.
1 Introduction
In this paper we derive some basic properties of solutions of the sim-
plest version of functional Schroedinger equation in quantum field theories.
There is little doubt that a version of functional Schroedinger equation
(FSE) underlies dynamics of bound states in QCD. However, there are
several possible such equations. One popular version is being actively
investigated in the framework of light cone quantlization [1]. Other ver-
sions are possible. In this paper we concentrate on the most naive such
equation, the one that comes from second quantization in canonical for-
malism. In the simplest case of 3-dimensional φ3 theory it can be written
as
∂tF (t)[ap] = H(t)[a, δ/δap]F =
= (
∫
K3←0(p, q, r)e
it(−ωp−ωq−ωr)δ3(p+ q + r)apaqar+
K2←1(p, q, r)e
it(−ωp−ωq+ωr)δ(p+ q − r)apaqδr+
K1←2(p, q, r)e
it(−ωp+ωq+ωr)δ(p− q − r)apδ2qr+
K0←3(p, q, r)e
it(ωp+ωq+ωr)δ(−p− q − r)δ3pqr)F (t)[ap] (1)
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This equation is formulated on the ”manifold” of quantum fields ap =
a(p), p ∈ C3, which is the function space of continuous functions of 3-
momenta p, and δp = δ/δap is the functional derivative (annihilation
operator of second quantization). Note that the Hamiltonian H(t)[ap, δp]
is time dependent. This is essential feature of QFTs that this dependence
is nontrivial. It reflects the fact that bound states in QFT have non-trivial
internal dynamics, i.e., there are particle creation/annihilation processes
in the virtual cloud surrounding the bound state. We give a more detailed
discussion of this equation in section 2 below, and exhibit the Hamiltonian
for QCD in the appendix.
We want to emphasise at this point that the above Schroedinger for-
mulation is probably not the right one. It is quite difficult to incorporate
the complicated geometry of particle collisions [3] into this framework.
Probably, the right equation would be of the sort
δ/δt(x)F (x)[ap] = H(ξ(x))[ap, δ/δap]F (x)[ap] (2)
where the time t(x) is local. The solution than would allow to ”quan-
tize” the geometry of multiparticle events ( by quantization I mean here
determination of probabilities of particular channels of the reaction in an
exclusive process, and restriction on the number and momentum space
geometry of such channels). Such equations were at the beginning of
quantum field theory [28], but now are no longer studied because of the
complexity of their solutions. We believe however that it is very impor-
tant to continue the study of such equations, both for physical and for
mathematical reasons.
The purpose of this article is more modest, however. We will concen-
trate on the above ”naive” version of the Schroedinger equation, with one
single time, and study properties of its solutions. These properties follow
almost immediately from the form of the Hamiltonian. They point out
to a class of holomorphic functions ( in fact, sections of a vector bundle)
defined on the space of complexified momenta {(p1, ..., pn)} = C3n. We
think that this is a very interesting class of functions. It is a multidimen-
sional generalization of what is known as meromorphic functions of finite
Nevanlinna order [16, 30, 23]. In particular, they generalize the exponen-
tial function, in a non-trivial way. We show that , locally, these functions
are multidimensional confluent hypergeometric functions, in the sense of
Gelfand-Kapranov-Zelevinsky [11, 12]. Apart from essential singularities,
these functions possess regular singularities, the ones that locally are cap-
tured by holonomic D-modules with regular singularities. One technical
difficulty, that arises in summation of infinitely many terms in perturba-
tion theory, is that we will need to allow explicitely infinite dimensional
bundles. We overcome this difficulty by constructing a filtration on the
local monodromy and on the essential (Stokes) , asymptotic data that
determine the functions Fα(p1, ..., pn). We observe that this natural class
of solutions is significantly more complicated than the one studied in [1],
which was one of the motivations for this paper.
We note that the Schroedinger equation generalizes to open valence
states. It is natural to consider wave functionals that have explicit depen-
dence on a tuple of points in the momentum space. For example, for 3-
valent state (baryon) we can consider the wave functional F (t, p, q, r)[as].
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The Schroedinger equation has similar form
∂tF (t, p, q, r)[as] = H(t)[as, δs]F (t, p, q, r)[as] (3)
It is natural to ask if there are anlogies of Dirac equation in the functional
space, i.e., if it is possible to consider nontrivial functional bundles, and
allow for explicit dependence of the differential operator on the momentum
space point. Indeed, such generalizations exist. We hope to consider them
in future publications.
We give basic formulation of the problem in Sec. 2. Sec. 3 contains
our main results. In the Appendix we present the generalization to QCD.
2 The ”naive” functional Schroedinger equa-
tion for scalar QFT
In this section we discuss the motivation for considering the functional
Schroedinger equation 1 and its versions. This equation follows from
the most basic formulation of second quantization in QFT [8, 20]. The
creation and annihilation operators ap, a
+
p were introduced by physicists
in 1930’s [8] in the attempt to model systems with the changing number
of particles. What is not widely appreciated is that these operators can
be interpreted as multiplication by a function and variational derivative
with respect to a function variable. This leads immediately to a version
of differential topology on functional manifolds. The basic starting point
of the scattering theory is the following expression for the S-matix
S = Texp
∫ +∞
−∞
Hint(t)dt (4)
This S-matix can be used to obtain perturbative expressions for e.g. trian-
gle diagram, which then leads to the well known expressions of anomalous
magnetic moment. It is remarkable fact that the expressions derived for
anomalous magnetic moment of the electron agree with experiment to
high order in perturbation theory [?]. Feynman diagrams capture all the
vacuum polarization that accounts for anomalous magnetic moment. The
situation with bound states is far less clear. For example, already in the
case of Lamb shift beyond one loop, it is impossible to formulate closed
system of equations that would allow to calculate the spectrum beyod one
loop [9]. The problems that arise in bound state formulations are already
visible in the ”derivation” of Dirac equation with radiative correstions
in [20, 6] or in the necessity to choose equal time formalism in spectral
calculations [21, 4]. An interesting modern approach is [27].
The purpose of this article is to introduce the class of solutions for the
Schroedinger tower of multiparticle wave funtions. We will use the most
classic Hamiltonian for illustration purposes. This Hamiltonian can be
written in the form
Hφ3(t)[ap, δp] =
∫
d3xλ(
∫
d3p
(2π)3/2
(
ap
2
√
ωp
e−iωpt+ipx +
δp
2
√
ωp
eiωpt−ipx)3
(5)
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After some algebra, we arrive at eqn. 1. We can be more explicit about
the coefficients Ki←j(p1, ..., pi; q1, ..., qj) that can be considered as (parts
of ) transition kernels of j to i elementary quanta. Note that these func-
tions play a prominent role in the derivation of splitting functions for
parton evolution equations of QCD [7]. In our simple case i+ j = 3, but
our results concerning analytic structure of the solutions can be general-
ized to arbitrary i + j, in particular, to various effective thories. In the
case of scalar field theory these functions equal
Ki←j(p, q, r) =
1√
ωpωqωr
(6)
In the case of QCD, they also involve numerators, which are the wave func-
tions of elementary quanta (see Appendix). The functions Ki←j(p, q, r)
are algebraic functions of their arguments. They are holomorphic branch-
ing functions, once analytic continuation of momenta into the complex
space was performed. In the following, our momenta will take values in
the complex 3-dimensional space C3. The functions Ki←j(p, q, r) are fi-
nite branched covers of C9 that branch on an algebraic variety (in fact, a
set of conics).
The wave functional F [ap] contains the information about the multi-
particle wave functions
F [ap] =
∞∑
n=0
∫
dp1..., dpnF (p1, ..., pn)|p1, ..., pn > (7)
It belongs to the Fock space of the theory [10]. Note that Fock space is the
subject of much research in the theory of C∗ and von Neumann algebras
[15]( and references therein), in particular, of C∗G, for discrete groups G
[14] ( in particular, for G = π1M , fundamental groups of a manifold M).
The Fock space of a QFT ( the container of all bound states, in particular,
heavy nuclei) has much more geometric structure that the Fock space in
operator algebra theory (in particular, it is poly-normed in QFT case).
However, we believe that there are many analogies between these two
developments, and many fruitful parallels can be drawn (many of these
are alredy studied in the vertex algebra litearature [24, 29]).
3 Basic facts about solutions of functional
Schroedinger equation
In this section we collect some very basic observations about pertur-
bative solutions of the functional Schroedinger equation. In particular,
we state conditions for existence of periodic solutions. We start with pre-
liminary observation that limits the simplicity of functional forms of the
solutions to bound state problem.
Observation 0. Solutions to FSE that correspond to stable bound
states have nontrivial (nonfactorizable) time dependence. There is inter-
nal dynamics inside QFT bound states.
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This observation is generic and is valid in all models of bound states.
Our naive model has just one time variable. However the conclusion must
hold in more advanced models with multidimensional time.
To motivate our discussion, we start with perturbation theory for the
FSE. Suppose , for simplicity, that at time zero the functional had ex-
pansion 7 such that all the components F (p1, ..., pn) are rational func-
tions of momenta. The conclusions will be valid for more general choice
of F (t = 0) that can contain exponetals of algebraic (in broad sense)
functions, and also ”generalized exponential functions”( see definition be-
low). This class of functions contains all examples that author ever saw in
physics literature. Consider then the following n-th term in time ordered
perturbation theory
Sn(t, 0) =
∫ t
0
dt1H(t1)
∫ t1
0
dt2H(t2)...
∫ tn−1
0
dtnH(tn)F (8)
The expression for H(t1)...H(tn)F can be obtained using a version of
Wick theorem. The result is similar to a sum of Feynman diagrams, with
modified, time-dependent vertices. The evolution operator can be written
symbolically as
S(t, 0) =
∑
a,b,c
Aa,b,c(p1, ..., pa, q1, ..., qb, s1, ..., sc)×
× etωa,b,c(p1,...,pa,q1,...s1,...)ap1 ...apaδbq1,...,qb+∑
a,b,c
Ba,b,c(p1, ..., pa, q1, ..., qb, s1, ..., sc)ap1 ...apaδ
b
q1,...,qb
(9)
In this expression, Aa,b,c, Ba,b,c, ωa,b,c are certain algebraic functions of
the arguments (p1, ..., pa, q1, ..., qb, s1, ..., sc). These functions can be ex-
pressed through roots of polynomials. They are finite branched covers
of the affine space C3(a+b+c) that branch on divisor containing finite set
of algebraic varieties. Functions ωa,b,c(p1, ..., pa, q1, ..., qb, s1, ..., sc) have
quite substantial structure. They can be expressed through linear combi-
nations of elementary frequency functions taken at a linear combination
of 3-momenta pi, qj , sk. The functions A,B are products of the splitting
functions Ki←j and the usual factors 1/(±√ωl ±√ωn ±√ωm + iǫ).
Suppose now that we apply the evolution operator S(t, 0) to a generiac
rational functional F (t = 0). Then we claim that the functional F (t) will
have the following properties
Property 1. Fp1,...,pn has regular singularities along a divisor D =
∪∞i=0Di in the space (p1, ..., pn) that has infinitely many components Di
whose degree can grow arbitrarily large.
Property 1’. Fp1,...,pn has essential singularities along a divisor D
′ =
∪∞i=0D′i in the space (p1, ..., pn) that has infinitely many components D′i
whose degree can grow arbitrarily large. Each component of this divisor
is an algebraic variety.
Property 2. Fp1,...,pn is a pro-finite bundle on the complementD∪D′.
In other words, Fp1,...,pn has an index α, above every point we have a vec-
tor space of values of Fp1,...,pn , there is a non-trivial monodromy around
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each Di and a non-trivial Stokes factor for each of the Stokes sectors asso-
ciated with D′i. The index α is not bounded, but both monodromy matrix
and Stokes matrices are block-diagonal.
Property 3. Near each essential singularity, Fp1,...,pn is a ”generalized
exponential function”.
We have to define what we mean by ”generalized exponential func-
tion”.
Def. 1 By simple generalized exponential function we mean the fol-
lowing class of functions
w(f, g) =
∫
f(p, q)eg(p,q)dnq (10)
Here, p = (p1, ..., pm), q = (q1, ..., qn) are complex variables, and f, g
are algebraic functions of p, q. For example they can be rational or in-
volve roots. But we also wish to include solutions to arbitrary algebraic
equations, which leads to the class of algebraic hypergeometric functions
[2, 19]. These functions form a class of generalized (in the sense of Gelfand-
Kapranon-Zelevinsky) confluent hypergeometric functions. In particular,
all of them form the solution complex of certian algebraic holonomic D-
module [25, 5]
Def. 2 By iterated generalized exponential functions we mean the
class of functions
w(fT , ..., f1; gT , ..., g1) =
=
∫
dqT fT (p, qT )e
gT (p,qT )
∫
dqT−1fT−1(p, qT , qT−1)e
gT−1(p,qT ,qT−1)...×
×
∫
dq1f1(p, qT , ..., q1)e
g1(p,qT ,...,q1) (11)
The last definition attempts to capture the notion of ”filtration” on
the bundle Fα that is possessed by the perturbative expansion. Both
monodromy and Stokes matrices are explicitely infinite after summation
of all orders in perturbation theory, but they can be constructed from
finite blocks.
The proof that application of the perturbative time dependent evolu-
tion operator leads to the above class of functions is not difficult. In fact,
our definitions were tailored to capture in as simple as possible terms the
class of functions emerging in perturbative QFT. There are two facts that
need to be proved. First, that there are infinitely many components in the
singularity loci. This can be done by examining the usual pinch condition
for the integrand. The general mechanism of emergence of singularities
of holomorphic functions is the same for both rational integrands and
the integrands containing the exponentials - there must be a topological
transition in the branch ( or pole) locus. This leads immediately to dis-
criminantal varieties [13]. One only needs to observe that the intergand
is sufficiently generic and that there are indeed infinitely many compo-
nents in the singularity locus. Second, we need to demonstrate that the
singular behaviour near essential singularity is governed by Stokes data.
This follows from general theory of confluent hypergeometric functions
[?, 26, 17, 22]. There is singinificant amount of structure in the functions
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arising in QFT (i.e. they are not generic), and they can be made more
explicit.
4 Conclusion
We considered a version of functional Schroedinger equation that arises
naturally in QFTs. We discussed some very basic properties of its solu-
tions. Our set up was the most basic one, and we believe that all realistic
solutions to the functional Schroedinger equation ( whichever version of it
one chooses) must possess these properties. The properties point out to a
rather extensive class of holomorphic functions of several variables, that
in particular contains multidimensional entire functions of finite order of
growth near essential singularities, and branching functions that general-
ize the classical polylogarithms and elliptic polylogarithms. This class of
functions deserves further study.
5 Appendix. Functional Schroedinger equa-
tion for QCD.
For convenience of the reader, we present here the formula for the
second-quantized Hamiltonian of QCD. For simplicity, we omit ghosts (
which can be reinstated following e.g. [18]). The quantized gluon field
comes in Nc-plet ga,s,p, a = 1, ..., Nc, s = ±1 is the spin variable. The
pure gauge part of the Hamiltonian is
HYM (t)[ga,s,p, δa,s,p] =
=
∑
k=3,4
∑
i,j=0..k,i+j=k
∑
ar,sr
Ki←j(a1,s1,...,ak,sk)(p1, ..., pi; q1, ...qj)×
× δ3(p1 + ...+ pi − q1 − ...− qj)×
e
it(ωp1+...+ωpi−ωq1−...−ωqj )ga1,s1,p1 ...gai,si,pi
δ
δgai+1,si+1,q1
...
δ
δgak,sk,qj
(12)
Here Ki←j are the usual 3, 4-gluon interaction vertices. For example,
the 4-gluon vertex K2←2(a1,s1),...,(a4,s4)(p, q, r, t) involves several terms of the
form
K2←2(a1,s1),...,(a4,s4)(p, q, r, t) =
= −g2
∑
w,v,u,z
T dau,avT
d
aw,az
ǫsw ,µ(kw)ǫsv ,µ(kv)ǫ
∗
su,ν(ku)ǫ
∗
sz,ν(kz)√
ωkwωkvωkuωkz
(13)
where the sum is extended over all permutations w, v, u, z of p, q, r, t and
ǫs,p is the gluon polarization tensor. It is important to note that this
tensor is an algbraic function of p. The 3-gluon interaction has the form
K1←2(a1,s1),...,(a3,s3)(p, q, r) = ig
∑
w,v,u
ǫsw ,µ(kw)ǫsv ,µ(kv)kνǫsu,ν(ku)√
ωpωqωr
(14)
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where k = kw or k = kv ( it cannot equal ku). Fermion terms are ob-
tained analogously. The fermion/antifermion creation operators corre-
spond to the anticommuting fields bi,s,p, ci,s,p where s = ±1/2 and i is
the color index. It will be convenient to unite the fields b, c into single field
de,i,s,p, where e = ± denotes particle or anti-particle. Then the interac-
tion Hamiltonian contains 8NcD terms, linear in g and δ/δg derivatives,
and bilinear in bp, cp and variational derivetives in these fields. One such
terms is written below
Hf←gfYM−fermion(t) = ig
∫
Kf←gfi,s1,js2,as2(p, q, r)
δ3(p− q − r)eit(ωp−ωq−ωr)bi,s1,p
δ
δga,s2,q
δ
δbj,s3,r
(15)
where
Kf←gfi,s1,j,s2,a,s2(p, q, r) =
T aij v¯s1(p)ǫˆs2(q)vs3(r)√
ωpωqωr
(16)
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